Exam Calculus 2 : universi tY of
“ﬁﬂi& .
10 April 2017, 14:00-17:00 %g groningen

The exam consists of 6 problems. You have 180 minutes to answer the ques-
tions. You can achieve 100 points which includes a bonus of 10 points.

1. [44+8+43=15 Points] Let the function f: R*> — R be defined as

.T2'y :
(.y) > { 7 @) #0.0)
0 if (z,9) = (0,0)
(a) Show that f is not continuous at (z,y) = (0,0). (Hint: consider f along the
curve parametrized as (z(t),y(t)) = (¢,t%).)
(b) Show that the directional derivatives of f exists in all directions u = (v, w) € R?,
v? 4+ w? = 1. Note that you will have to distinguish between the two cases w = 0

and w # 0.
(c) Is f differentiable at (x,y) = (0,0)7 Justify your answer.

2. [64+4+5=15 Points] Consider the curve C' parametrized by r : [0, 1] — R? with
1 1
r(t) = ti+ S(1+ )35+ S )32 k.

(a) Determine the parametrization of C' by arclength s.
(b) At each point on the curve C, determine the curvature x of C.

(c¢) Show that the derivative of the unit tangent vector T with respect to arclength
s is perpendicular to T. Let N denote the corresponding normalized unit vector
obtained from this derivative. Show that %T =rN.

3. [7T+8=15 Points] Let S be the surface in R? defined by 22 + y* + 2? = 3.

(a) Show that the tangent plane of S at the point (xg, 3o, z0) satisfies the equation
Tox + Yoy + 20z = 3.

(b) Let f: R?® — R be defined as f(z,y,2) = x +y — 2. Determine the maxima and
minima of f on S.

4. [5+3+5+2=15 Points] For the constant a € R, consider the vector field F on R3
given by
F(z,y,2) = (axy — 2*)i+ (a — 2)2%j + (1 — a)22’ k.

(a) Let A= (0,0,0) and B = (1,1, 1), and C be the straight line segment connecting
A to B. Compute the line integral of F along C i.e.

/F-ds.
c

(b) Determine a in such a way that the vector field F is conservative.
— please turn over —



(c¢) Determine for the value of a found in part (b) a potential function of F.

(d) Show that the potential function in part (c) can be used to compute the value
of the line integral in part (a) in the case where F is conservative by using the
Fundamental Theorem of Line Integrals.

5. [10+5=15 Points]

(a) Let S be the paraboloid z = 9 — 22 — y? defined over the disk of radius 3 in the
(x,y)-plane (i.e. the points on S have z > 0) and suppose that S is oriented
by the upward pointing normal. Let G be the vector field on R? defined by
G =V X F where

F(z,y,2) =2z —y)i+ (z+2)j+ 3z — 2y) k.

Compute the flux of G through S by using Stokes” Theorem.
(b) Show that Stokes” Theorem implies Green’s Theorem.

6. [124+3=15 Points] Let the vector field F : R®* — R? be defined as

1
(a) Let B, be the three-dimensional ball of radius a > 0 centred at the origin, i.e.
B, = {(z,y,2) € R®|2* + y? + 2? < a?}. Verify Gauss’ Divergence Theorem for
the flux of F through the boundary of B,.
(b) Show that the flux of F through the boundary of any solid region D in R? equals
the volume of D.



Solutions

1. (a) For t # 0, we have
2Py et 1
f(x(t)ay(t» - :L‘4(t) +y2(t) R 4+t - @

By definition f(0,0) = 0. As any neighbourhood U of (0,0) includes points
(z,y) € U with (z,y) # (0,0) and y = z? for which f(x,y) = 1/2, the function
f cannot be continuous at (z,y) = (0,0).

(b) By definition the directional derivative of f in the direction of u = (v, w) is
f(hva hw) B f(ov O)
h

From the definition of f it follows that for h # 0,

D f(0,0) = lim

2,2 3,,2
f(ho, ) = £(0,0) _ ez — 0 _ s hR%w V2w

h h h R+ h2w? h20t 4+ w?’

which for w # 0 converges to i—;” = % as h — 0. For w = 0 and h # 0, we have

f(hv, hw) = £(0,0) _ mmde _
h h

which also has a limit as h — 0. The directional derivatives hence exist in all
directions u.

(c¢) The function f is not differentiable at (z,y) = (0,0) as f is not continuous at
(0,0).

2. (a) The tangent vector associated with the parametrization is
1 1
r'(t) =i+ 51+ )25 — (1= )2k
and has length

I’ ()] = (1 + %1(1 +1t)+ i(l — t))l/2 = (1 + %)1/2 = (%)1/2 :

Note that we here used that 1 —¢ > 0 for ¢ € [0, 1]. For ¢ € [0, 1], the arc length

is hence
¢ 3\ /2
s(t) = / |’ (P)||dr =t (—) )
0 2

In particular s(1) = (3/2)"/2. Inverting for ¢ gives

Hs) = s (§>1/2

with s € [0, (3/2)'/?]. The parametrization by arc length is hence given by

(s) = r(t(s)) = s @/ it (1 iy <§)1/2>3/z i+ <1 iy @)1/2>3/2 k.



(b)

()

The unit tangent vector at r(t) is given by

T “r%t)Hr’(t) - @)W (i + %(1 +6)2— %(1 g1 k> |

The curvature k at r(t) is given by

e | 4 |

)" ooy
i)
()

ey

As T has unit length it satisfies T - T = 1. Differentiating both sides of this
equality with respect to t gives

l

T/(t) - T(t) + T(t) - T'(t) = 2T'(¢) - T(t) = 0,

where we used the differentiation rule for the scalar product and the symmetry
of the scalar product. So T’(t) is perpendicular to T(t). Let N be the unit
vector in direction of T’(t). Then By definition

dT
ds _

Let g(z,y,2) = 2% + y? + 22 — 3. The gradient of f in vy = (0, Yo, 20) is then
perpendicular to the tangent plane V' of S at this point. The points on V thus
statisfy

dT HdT

ds

0=Vg(a)-(r—rg) =2z (x —z0) +2y0 (y — yo) + 220 (2 — 20).

The equation zxg + yyo + 229 = 3 follows from x% + yg + zg = 3.

By the method of Lagrange multipliers there exists for a critical point r of f
restricted to S a scalar A € R r such that

Vi) =AVg(r),
g(r) =0,

or equivalently

1 =2\,
1 =2y,
-1 =2)\z,

3 =22+ y? + 22



(b)

()

These equations cannot be satisfied for A = 0. We can hence assume A # 0.
Dividing the first three equations by A shows © = y = —z. From the fourth
equation it then follows that 22 = 2 + 22 =1, iec. 1 =y = —2 = £1.

As S is compact it follows from Weierstral” Theorem that f attains its maxima
and minima on S. As f(1,1,—1) = 3 and f(—1,—1,1) = —3 it follows that f
restricted S has a maximum at (x,y, z) = (1,1, —1) and a minimum at (z,y, z) =
(—1,-1,1).

The line segment C' from A to B has the parametrization r(t) = (¢,¢,t) with
t € [0,1]. The line integral is then given by

/01 Fr() - r(t)dt — /01((at2 it (- 2025+ (1— a)K) - (4] + k) dt
= A%m?—ﬁ+wa—mﬂ+41—@ﬁyﬂ
= A%@a—%ﬁ—aﬁﬁﬁ
_ Fa_2ﬁ_g#yﬂ

3 4
20 —2 a

3 4

For F to be conservative the curl of F has to vanish. We have
i j K
V xF(x,y,2z) = Oy Oy 0.
avy — 2% (a—2)2* (1 —a)xz?
(Oy(1 — a)xz —0.(a—2)2?)i+
(0-(azy — 2%) — 0,(1 — a)z2?) j+
(0x(a — 2)2? —8 ,(axy — 2°)) k
= 0i+(—-32"-(1—-0a)z%)j+ (2(a — 2)z — ax) k.

Equating this to zero gives a = 4.

Let f denote the potential function. Then f satisfies the equations

fac :4xy—23, (1>
fy = 2x27 (2>
f. = —3z2% (3)

Integrating Eq. (1) with respect to z gives

f('raya Z) = 2I2y - xZB +g(yaz)7

where ¢(y, z) is a integration constant which can dependent on y and z. Differ-
entiating with respect to y and using Eq. (2) yields

22% + g,(y, 2) = 227,



e, gy(y,z) = 0. So g does not dependent on y and is hence of the form
g(y, z) = h(z) for some function h: R — R. So f(z,y,2) = 2z%y — x2® + h(z).
Differentiating with respect to z and using Eq. (3) yields

=322 + W(2) = =322
which gives h/(z) = 0, i.e. h is constant. So the potential function is
flz,y,2) =227 —22° + ¢
with ¢ € R.

(d) According to the Fundamental Theorem for Line Integrals the line integral is
given by f(B) — f(A) = f(1,1,1) — £(0,0,0) = (2 —1) — 0 = 1, where f is the
potential function computed in part (c). This agrees with the result found in
part (a) for a = 4.

. (a) By Stokes’” Theorem the flux of G through S is

//SVdeS:/asF-ds. (4)

The surface S is the part of a downward open paraboloid having z > 0. Its
boundary 9S is given the circle 22 + y*> = 3, 2 = 0. This circle has the
parametrization

r(t) =3costi+3sintj+ 0k

with ¢ € [0,27]. As S is oriented by the upward normal the parametrization r
gives an orientation of 95 which is consistent with that of S. The right hand
side of Eq. (4) is

/asF -ds = /027r F(r(t)) -r'(t)dt

2m
—/ —3sinti+ 3costj+ (9cost —3sint)k) - (—3sinti+ 3costj+ 0k)dt

2T 27
/ / (9sin®t + 9 cos t)dt
- / / Odt
o Jo

= 18m.

(b) Consider a surface S contained in the (x, y)-plane oriented by the normal vector k
with boundary 9S. Consider a vector field F : R® — R? of the form F(z,y, z) =
P(z,y)i+ Q(x,y)j. The curl of such a vector field is

i ik
V xF(x,y,z) = Oy 0y 0.
P(z,y) Qz,y) 0
(0,0 — 0.P(z,y)) i+
(8 Q(z,y) — 0 O)J +
(0:.Q(z,y) 8P(xy))k
= 0i+0j+ (Qulw,y) — Py(z,y)) k.



(b)

The left hand side of the equality in Stokes’ Theorem (4) is hence

//VXFdS / (Qu(z,y)— Py(z,y)) k-kdS = /V(%xy P,(z,y))dA.

()
Let r(t) = x(t)i+ y(t)j, t € [a,b] be a parametrization of S where the orien-
tation following from the tangent vector r'(¢) is consistent with the orientation
of S induced by the orientation of S. This means that if we traverse S by
increasing t the surface S will be on our left. Due to the special form of the
vector field F' the right hand side of the equality in Stokes’ Theorem (4) reduces

to
ASF«g:iAzmuwyf@yu

b
= / (P(z,9)i+ Q(,)]) - (2(t) i+ y(t)j) dt ©)
. 6
b
:/(p@wf@+Q@wwﬁD@

:/)P@yﬂm+Q@ﬂmy
oS

Equating the right hand sides of (5) and (6) gives the equality stated in Green’s
Theorem.

Gauss’ Divergence Theorem states that for a solid region D in R? the flux of a
vector field F in R? through the boundary D of D equals the volume integral
of the divergence of F over D, i.e.

s fff

The boundary of the ball B, is the sphere S, of radius a. An outward pointing
unit normal vector of S, at the point (x,y, 2) is given by

1 . .
n(x,y,z) = a(xH—y,] + zk).

The flux integral is

1 1 1
//lrndsz—/y-4xvuu+zm-4mruu+zmds
, alls,3 a
1 2 2 2
= — d
3@//Sa(x +y° +27)dS
:i// a*ds
a Sa

4
i
3

where we used that the surface area of a sphere of radius a is 4wa?.

The divergence of F at (z,y, z) is

1
V- -F(zr,y,z2) = g(axa: + 0y + 0,2) = 1.



The integration of V - F over the ball of radius a gives the volume of the ball of
radius a which again is 47a®/3.

(c) As the divergence of F is the function constant 1 the flux through the boundary
0D of any solid region D in R? is by Gauss’ Divergence Theorem equal to the
volume of the region D.



